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Abstract 

We give an analytical description of the locus of the two-gap ellip- 
tic potentials associated with the corresponding flow of the Calogero- 
Moser system. We start with the description of Treibich-Verdier two- 
gap elliptic potentials. The explicit formulae for the covers, wave 
functions and Lame polynomials are derived, together with a new Lax 
representation for the particle dynamics on the locus. Then we con- 
sider more general potentials within the Weierstrass reduction theory 
of theta functions to lower genera. The reduction conditions in the 
moduli space of the genus two algebraic curves are given. This is some 
subvariety of the Humbert surface, which can be singled out by the 
condition of the vanishing of some theta constants. 
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1 Introduction 



The Calogero-Moser model, whose complete integrability was shown a num- 
ber of years ago (c.f. ||21|| ), continues to attract more and more attention. This 
model has a rich algebraic-geometrical structure: its flows are connected with 
the pole dynamics of elliptic solutions of completely integrable partial differ- 
ential equations [1[], the Lax representation for the model depends through 
elliptic functions on the spectral parameter [IS] and only the integration in 
terms of zeros of theta functions for the model is known |T!|. The system 
permits a relativistic generalisation, which also is completely integrable 



The classical Poisson r-matrix structure for the elliptic Calogero-Moser 
model was described very recently || |23|. The r-matrix found appears to be 
linear of dynamical type, i.e. dependent om the dynamical variables. The 
classical Poisson structure for the relativistic generalisation of the Calogero- 
Moser model is described only in the soliton case with a quadratic r-matrix 
of dynamical type H]. The separated variables for these systems remain an 
unsolved problem besides the case of a small number of particles particles 
(see, e.g. J7|). 

The quantum Calogero-Moser problem has also a rich algebraic structure 
[|TIJ . It is remarkable that the solutions of the quantum problem are isomor- 
phic to the solutions of the Knizhnik-Zamolodchikov equations which are now 
understood to play an important role in the theory of quantum integrable 



models 25 



Because the Calogero-Moser model describes the pole dynamics for the 
elliptic solutions of the Kadomtsev-Petviashvili type equations JIJ, its ellip- 
tic case becomes the classically known Lame potentials of the Schrodinger 
equation. Although this paper is devoted to the investigations of elliptic 
potentials of the one- dimensional Schrodinger equation, we emphasise the 
importance of such potentials for different problems: the finite gap multi- 



dimensional spectral problem [29], Wess-Zumino-Witten model on the torus 
|TT| ] and others. 

All the results given below can be generalised to higher genera, but we 
shall restrict ourselves to the investigation of the first nontrivial case of genus 
two to give the more complete formulae. Through all the paper we use 
computer algebra systems (Mathematica [30] and Maple ||) to derive and 
simplify the formulae. 

The paper is organized as follows. In Section 2 we discuss the linear r- 
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matrix algebra for the Calogero-Moser system and define its restriction to 
the locus associated with the KdV dynamics. In Section 3 we describe the 
two-gap Lame and Treibich-Verdier potentials |26|, |27J for which we find ex- 
plicitly the covers over the tori, derive the wave functions of the associated 
Schrodinger equations and Lame polynomials. We also give a new Lax repre- 
sentations for the dynamics of particles on the locus in terms of 2 x 2 matrices. 
We show in Section 4 that Treibich-Verdier potentials are some special cases 
of elliptic potentials. Using the classical reduction theory of Riemann theta 
functions to lower genera (see e.g. f|, ||, [H]]), we give necessary and sufficient 
conditions under which the two-gap potential is elliptic. We formulate these 
conditions in terms of vanishing of some theta constants which in turn are 
some subvarieties of Humbert surfaces (see e.g. |T7|, P5|). We derive one of 
the two-gap Treibich-Verdier potentials from this theta functional approach 
and give a new example of an elliptic potential. The paper is supported by 
two appendices which contains the description of spectral characteristics of 
the Treibich-Verdier potentials and all the necessary formulae to complete 
the theta functional computations mentioned in the paper. 



2 The Calogero-Moser System on the Locus 

The elliptic Calogero-Moser model is the system of iV one-dimensional par- 
ticles interacting via a two-particle potential described by the Hamiltonian 

i i,j 

with p being the Weierstrass elliptic function J| with the periods 2ui, 2uo 2 
and i/i, Xi (u — 1, . . . ,N) being canonical variables, {yi,yj} = {xi,Xj} = 0, 

Let {X^} = {Hi,E a }, be basis matrices, Hi = (6ijdik),i = 1,...,N, 
E a = E nm = (6 nj 6 nk ), n ^ m, m, n = 1, . . . , N. 

The Lax operator of the system L was found by Krichever and has the 
form [19 1 

L(u) = '£yjH j + i y Z$ a E a , (2.2) 
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where 



$ a = $(x-a;n), <S>(x;u) = a )\ ?[ e«">, (2.3) 

a(x)a{u) 

where a and ( are Weierstrass functions. The Hamiltonian flows of the system 
are generated by TrL n , in particular, TrL 2 gives the Hamiltonian ( |2.1| ). 

The Poisson structure of the system, as recently shown by Sklyanin p3| 
and Braden and Suzuki ||, is described by a linear dynamical r-matrix al- 
gebra, 

{L x {u),L 2 {v)} = Mu^Iniu)] - [r 21 (u,v),L 2 (v)}, (2.4) 

where L\ = L ® J, L 2 = I <S> L, r 12 (u,v) = J2fi,is rflu (u,v)X^ <g> X v is an 
jV 2 x iV 2 matrix depending on the dynamical variables, and r 2 i(u,v) = 
Prx 2 (v,u)P, P is the permutation: Px ® y = y ® x. The nonzero elements 
of the r-matrix are || 

r~ aa (u, v) = <$> a {v - u)e^ u ' v) , r ia (u, v) = -$ Q (t»), 

r*i{u,v) = 4{u,v)6 ij , (2.5) 
v) = ((v -u) + ((u) - ((v), 

satisfying the dynamical Yang-Baxter equation, 

[d 12 (x, y), d 13 (x, z)) + [d 12 (x, y), d 23 (y, z)\ + [d 32 (z, y), d 13 (x, z)\ 
+{L 2 (y) ® d 13 (x,z)} - {L 3 (z) ® d 12 {x,y)} 

+[S 13 (x,z),L 2 (y)} - [S 12 (x,y),L 3 (z)} = 0, (2.6) 

where the two other equations are obtained by cyclic permutations and in 
this context d 12 (x,y) = r 12 (x,y) ® I, d 23 (y,z) = I®r 23 (y,z), d 13 (x,y) = 
yj„ v r^ u (x, y)X^ ® I ® X u , and the S'-matrix has the form 



Si 3 (x, z) = — $ a (x — z)expip(x, z)E_ a <g> Hi® E a 
Su(x,y) = -<5> a (x-y)exp?p(x,y)E_ a ®E a ®H i . (2.7) 

We point out that the S'-matrix (|2.7| ) differs from that given by Sklyanin 
where a different representation for the operator L was considered. Al- 
though the S-term appeared already in ||, its significance became more 
evident after 
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The equation 

det(L-A/) = (2.8) 

defines the Krichever curve i.e. the algebraic curve CV = (k, u) which is an 
iV-sheeted cover of a torus in n : Cn — > G\ 

N-l 

X N +J2r i (u)X N - i - 1 = 0, (2.9) 

8=0 

where rj(it) are elliptic functions. In particular, for the first two of them we 
have n(w) = -\^)p(u) + Epij, r 2 {u) = (^)p'(u). 

We consider the restriction of the third flow, Tr L 3 of the Calogero-Moser 
system to the variety of stable points of the second flow, gradiJ - the locus 
£>n 

C N = I (x,y)|^ = 0, P'( x i ~ x i) = °» x i x v iJ = 

{ i& 

(2.10) 

It is shown in [|TJ that if the particles xi move over the locus according to 
the equation 

dx- N 

-^ = -12 E Pfa-Zj), i = l,...,iV, (2.11) 

then 

u(x) = 2^p{x-x j {t)) + C, (2.12) 
j'=i 

is an elliptic solution of the KdV equation u t = 6uu x — u xxx where C is a 
constant. 

The geometry of the locus was studied by Airault, McKean and Moser 
j l]] and others. They showed that the locus is nonempty for positive triangle 
integers N, i.e. for numbers of the form iV = g(g + l)/2, where g is the 
number of gaps in the spectrum (or the genus of the corresponding algebraic 
curve). The corresponding elliptic potential is the g-gap Lame potential. 
Recently Treibich and Verdier P7| found a new set of elliptic potentials of 
the form ( 2.12|) corresponding to nontriangle numbers of points on the locus 
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Cn- In particular for the points of the locus Xi being the half-periods they 
found a family of elliptic potentials of the form [26 



3 

u ( x ) =Y,9i{9i + 1 )p( x - UJ i), (2.13) 

which are associated with the cover of degree N = ^J2i=o 9i(9i + 1) over a 
torus. We shall refer to these potentials as Treibich- Verdier potentials. 

The curve ( |2.8| ) becomes hyperelliptic when restricted to the Cn [§]• 
Therefore one expects to be able to write down a 2 x 2 Lax representa- 
tion for the particle dynamics on a locus. This is done below for the two-gap 
Lame and Treibich- Verdier potentials. Nevertheless the r-matrix formula- 
tion of the Calegero-Moser flows restricted to the locus remains an unsolved 
problem. 

3 Two-gap Treibich- Verdier Potentials 

3.1 The spectral characteristics of elliptic solitons 

We shall start on the potential of the form ( |2.13| ). There exist exactly 6 two- 
gap Treibich- Verdier potentials un(x) associated with iV-sheeted covering of 
the torus. 



Table 1: 6 Two-gap Treibich- Verdier potentials 



N 


U]Sf(x) 


3 


Qp(x) or 2p(x + lui) + 2p(x + uj 2 ) + 2p(x + u 3 ) 


4 


Qp(x) + 2p(x + Ui), i = 1, 2, 3 


5 


6p(x) + 2p(x + uji) + 2p(x + ujj) i, j = 1,2,3 


6 


6p(x) + 6p(x + ujj) i = 1, 2, 3 


8 


6p(x) + Qp(x + LUi) + 2p(x + Uj) + 2p(x + uo k ) k = 1, 2, 3 


12 


Qp(x) + Qp(x + uji) + 6p(x + lu 2 ) + Qp(x + lu 3 ) 



We note that the three last potentials are simply the two order transfor- 
mation (Gauss transformation) of the first two potentials 

p (z\u, = p(z) + p(z + uj') (3.14) 
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Therefore we shall refer to the first three potentials as primitive. 

To describe the two gap Lame potential Qp(x) and primitive Treibich- 
Verdier potentials we have to 



exhibit the associated algebraic curve of genus two 

5 

C 2 = (to, z), w 2 = Y[(z - Zi) 

i=l 



(3.15) 



give its covers tc : C 2 — * C\ and tt : C 2 — » C\ over the tori C\ = 
(p',p), (p') 2 = 4:p^-g 2 p-g 3 and Ci = (p', p), (p') 2 = 4p 3 -g 2 p-g 3 , 
where the moduli g 2 , g 3 are expressed in some way through the moduli 

92,9a- 



describe the two-gap locus £ 



N 



• write the solution \1/ of the Schrodinger equation. 

We can do all this by classical means (which modern computer algebra makes 
more effective) following the work of Hermite [R] and Halphen [D| . 
Let us consider the Lame equation 



d 2 
dx 2 



J2 a i( a i + l )pi x ~ x i) 



i=l 



ty(x; u) = z^(x] u) 



(3.16) 



where Y%=\ |ai(ai + 1) = iV is the degree of the cover. 

We shall use the following generalisation of the Hermite [II and Halphen 
ansatz for the function 



$?(x: u) 



d j 

Aj(z, k, u)—${x - Xi, tt), 



(3.17) 



where the function $(x; u) is the solution of Q3.16Q for n — 1, a\ — 1 is 
given by ( |2.3| ) and Aj(z, k,u) are some functions of the spectral parameters 
z, k,u. Although the ansatz is valid for any point of the locus Cn we shall 
consider below only special points of the form Xi = tOi or found in |26| and 
listed above in Table 1. We shall refer to the Lame polynominals A^(x) as 
the values of \I/(x;m) at values of u corresponding to the edges of the gaps 
u = Uk, k = 1, . . . , 5. 
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After substituting the expansions of u) near the pole at x = 0, 



<P(a;, u) = x -\ x H x +... (3.18) 

x 2 6 40 



and near x = Ua 



$(x + Ui) = I 1 + - .. z + J(2 ei + p(u))x 2 + ...) (3.19) 

V 2(e, - p(u)) 2 / 



to ( |3.16| ) and equating the principal parts of the poles we come to an overde- 



termined linear system for the A{. The compatibility conditions give exactly 
two conditions 

Vi(k, z, p{u)) = 0, P 2 (k,z,p(u)) = (3.20) 

with polynomials Vi of their arguments. By eliminating the variables z or p 
from the conditions fl3.20p we obtain two equivalent realizations of the curve 



( 3.15|) ; eliminating the variable z we obtain the first cover. 

To find the second cover we use the fact that there exists the reduction 
formula _ 

d A = JA (3.21) 

w p' 

with (p',p) lying on the torus C\ and the coordinate p being a rational 
function of z, 

p = P M ' ^ > 

where Q jy and Pns are polynomials of orders iV and N — 3 respectively. 

The description of the spectral characteristics of the primitive Treibich- 
Verdier potentials is given in the Appendix A. 

3.2 The Dynamics on the Locus 

The complete description of the dynamics on the locus under the action of the 
KdV flow was given in Q] for the case of the two-gap Lame potential by some 
tricky manipulations with equations (|2.10 ) and (|2.11 ). It was shown that 



the dynamics are described by a foliation where the basis and the bundle are 
respectively the elliptic curves C\ and C\ whose moduli are inter-dependent. 
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The paper also conjectured that the same foliation would occur for all two- 
gap elliptic potentials. 

We show below how to compute the second curve C% for primitive Trei- 
bich-Verdier potentials. The statement of |1| about the foliation can be 
proved by means of the Weierstrass reduction theory |3], [17| in the next 
section. 

To describe the dynamics over the locus we write the Jacobi inversion 
problem, for the curve associated with elliptic potential 

/■mi zdz /-Ma zdz _ /-w dz dz „ 

/ +/ = 2ix + C u / — +/ — = -8it + C 2 (3.23) 

Joo W Joo W Joo W Joo W 

From the trace formulae |yj written for the elliptic potential in the form 



N 1 5 



1 1 



3=1 j=l 

we find in the vicinity of the point Xj the decompositions 

/ii(xj + e, t) = \ + o(l), /i 2 (xj + e, £) = -3 ( ^ — rci) ] + o(e) (3.24) 

Therefore the equations (|3.23|) in which x = a?j and integrals are hyper- 
elliptic are expressed in terms of elliptic functions in the following way 

Q\{li\{xj)) = p(axj + bt + c), QbGuifo)) = p(dt + e), (3.25) 

where Pi, 2 are rational functions of the iV-th degree, p and jp are Weierstrass 
elliptic functions defined on the first and second tori respectively; a, b, c, d, e 
are constants that appear under reduction. By eliminating the variable fii 
from ([3.24 ), we have an algebraic equation of the iV-th degree with respect 
to p and coefficients depending on p. 

In particular, we have the following isospectral deformation of the poten- 
tials W3, «4 and U5. Let 

N 

Xj = -3^p(ij' -x k ), j = l,...,N. 
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Then we have for N 

u 3 : 4X 3 - 
U4 : 



= 3,4,5 respectively 
16 

9g 2 X + 9g 3 + — p(8it) 



0. 



u 5 : 



9(X-z 2 )(X-z 3 )(X + 4e t -e k ) 2 
+A(X + 6ei)(p(8it) - ej) = 0, 
9P 5 (X) + 4(X - 3ei - 9e j )[X - 3e { 



(3.26) 
(3.27) 

9e fc )p(8it) = 0, (3.28) 



where the polynomial Ps(z) in Q3.28] ) is given in Table 4 in the Appendix A. 

We note that the rational limit of the dynamics is the same for all the po- 
tentials. The equations ( |3 . 26| - pT28|) give the integration of the corresponding 
Calogero-Moser flows restricted to the locus. 

We also note that equation ( |3.26| ) can be extracted from [[[[], p. 144. 

Let us construct the Lax representation for Calogero-Moser system, being 
restricted to the locus. We choose the ansatz for such a representation in the 
form of 2 x 2 matrices 



L{z) 
Liz) 



- [M(z),L(z)), 
( V(z) U(z) 
\W(z) -V(z) 

It follows from the equation ( |3.29|) that 

V{z) = - 1 -U{z), W{z) 
W{z) = 2V{z)Q{z). 



M{z) 





Q(z) 



(3.29) 



--U(z) + U(u)Q(z) 



(3.30) 



To construct the Lax representation we have to define U(z) and Q(z) 
Let us introduce the following ansatz 



U(z) 



N 
i=l 



Q(z) = ( + 2p(8it), 



(3.31) 



where the polynomials U(z) and the function ( is the expression for the 
second cover taken from Table 4 and the quantity p{8it) is expressed in terms 
of Xi from the equations (|3.26| - |3~28|) with the help of the Viett theorem. 
The spectral curve has the form 



Y 2 = w 2 {z) 



'dpV 
dz 



(3.32) 
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where the polynomial w 2 is taken from Table 2 and p is the rational function 
taken from Table 4. 

To find these Lax representations we use the Lax representation for the 
dynamics associated with the curve Ci, with 

U(C) = C - p(Sit), Q(0 = C + 2p(8z*) (3.33) 

and raise this representation to the curve C 2 using the formulae for the cover. 

For example, let us consider the particle dynamics associated with the 
two-gap Lame potential u 3 which is described by the equations 

Pl2 + Pl3 = °j P21 + P23 = °> P31 + P32 = °) ( 3 - 34 ) 

and 

±1 = -12p23, *2 = -12pi3, ^3 = -12pi 2) (3.35) 
The entries C/ and Q to the matrices L and M have the form 

U(z) = A(z-X 1 )(z-X 2 )(z-X 3 ), (3.36) 
Q(z) = Az 3 - 9g 2 z + SX X X 2 X 3 + 27g 3 , (3.37) 

where, in this case, Xi = 3pjk- The curve det(L(^) — yl) = has the form 
V 2 = - 3g 2 ) 2 (z 2 - 3g 2 )(4z 3 - 9g 2 z + 27g 3 ). (3.38) 

The Lax representations allow to construct the linear r-matrix algebra of 
the form (12.41) which we will discuss elsewhere. 



4 Elliptic Potentials from the Theta Func- 
tional Point of View 

Let us fix the homology basis (A, B) = (A\, . . . , A g ; B\, . . . , B g ) on the curve 
( |3.15| ) and a canonically conjugated basis of holomorphic differentials v = 



[v 1, . . . , v g ) in such a way that the Riemann matrix has the form 



Bi J B, 



v =(i g ;r). 
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with the matrix r belonging to Siegel upper half space S g of degree g. Let 
us denote by A(Q) — J^jv the Abel map C2 — > J(C g ), where J[C g ) is the 



Jacobian of the curve C 9 . 



Let us determine the Riemann theta function ^[e](z|r) on C 9 x 5 9 with 
the characteristics 



" e' ' 




"4 • 


■ < 
• 4\ 


e" 




A ■ 



by the formula 
9[e\{z\r) 



(4.39) 



= Y, ex P^{(( m + |)^( m + |-))+2((m+|-),z + |-)}, 
m G Z 9 

where (•, •) means the Euclidean scalar product. For integer characteristics 
we have 







(z|t) = exp 27r 



IV £^ £^ 1 

2T T 2" + ~2~ + 2TT 



eU + I £ - + T £ -\r .(4.40) 



If are equal to or 1, the characteristics [e] are the characteristics 
of the half-periods. The theta function ( f4.39|) is odd or even if [e] is a half- 
period characteristic, and we call the corresponding [e] odd or even. 

The function ( [4.39|) satisfies the two sets of functional equations [pOl , the 
transformational property 

9[e](z + n" + n'r|r) 



exp iti 



-(n'r.nVSin'^ + ^nV^'n') 0[e](z\r) (4.41) 



where n', n" G Z 9 and the modular property, which describes the transforma- 
tion of the theta function under the action of the group 5'p 2ff (z). 

The almost-periodic function u(x) is called a finite-gap potential if the 
spectrum of the Schrodinger operator H = —dl + u(x) is a union of the finite 
set of segments of a Lebesque (double absolutely continuous) spectrum. Let 
us formulate the Its-Matveev theorem WB] 



Theorem 1 (Its-Matveev theorem). The potential u(x) and the eigenf unc- 
tion ^(Q, x) of the Schrodinger operator H = —d 2 x + u(x) associated with the 
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g-gap Lebesque spectrum £ = [ziz 2 ] U [2:3, 2:4] U ... U [z2 g +i, 00}, are expressed 
by the formula 

d 2 

u{x) = -2—\n6(iUx + A(Q)-A(V)\r) + C, (4.42) 

i/ere Q is t/ie point 0/ a hyperelliptic Riemann surface C g = (w, z) defined 
by the equation w 2 = Jl^Ll ( z ~ z {Qj))i z iQj) = z j €■ C, z i ^ Z j, a non- 
singular hyperelliptic curve of genus g, realized by means of the function 
z as a 2-sheeted covering of the Riemann sphere with branching points at 
Qi, ■ ■ ■ j Q2g+i, Q2g+2, z (Q2 g +2) = 00. v is the vector of normalized holo- 
morphic differentials, r is the matrix of their periods, A(Q) = v, f2 is a 
normalized Abelian differential of the second kind which has a second-order 
pole at the infinity with the principal part (~~ 2 d(, where ( is a local variable, 
U is the vector of periods of the differential Q, T> is nonspecial divisor, K is 
the vector of Riemann constants. 

The components U^, Vj, i = l,...,g of the winding vectors U, V in 



( 4.42 , 4~43 ) are expressed in terms of the normalizing constants of the holo- 
morphic differentials and projections of the branching points z\, . . . , Z2 g +i by 
the formulae 

/ 2 5 +i \ 

Uj = -2ic y , Vj = -i \ 2c 2j + ex, Z A , J = 1, • • • , o- (4.44) 

Further we shall restrict ourselves the case of genus two curves. 

Let us give the theta functional construction of the two-gap elliptic po- 
tentials. Following Sect. 2, we describe such points r 6 S2, for which the 
function ( |4.42|) is elliptic. For this purpose we consider the Humbert surface 



Ha, A = N 2 , i.e. the variety 

Ha = {rar n + f3r 12 + 7r 22 + 6(t 2 2 - T11T22) + £ = 0, 

a, /3, 7, 8, e G Z, A = f3 2 - 4(cry + eS) } . (4.45) 

The quantity A is an invariant with respect to the action of the group S'p^Z) 



17f . The following theorem summarizes the Weierstrass reduction theory for 



the case of genus two algebraic curves (see e.g. [ |I~7|j , 
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Theorem 2 (Reduction theorem) Let C 2 and C\ be the curves of genus 
two and one, which are equipped by the homology basis (A\, A 2 ; B\, B2) and 
(A, B). The curve C 2 is an N -sheeted covering of the torus C\ if and only if 
the moduli of C2 belong to the Humbert surface with A = N 2 and the integer 
numbers a, (3, 7, 5, e, being expressed in terms of of the elements of the integer 
matrix M, mapping the basis (Ai, A 2 , Bi, B 2 ) into the basis (A,B) 



M 



fA 1 \ 
A 2 
B x 
V B 2 J 




M 



( m n m 12 \ 

m 21 m 2 2 

m 31 m 32 

V m 4 i m 42 / 



are given by the following formulae 



a = mi 2 m 4 i - 7 = m 2 im 3 2-m3im22, 

5 = mi 2 m 2 i - miim 22 , 6 = ^31^42-^41^32, 
/3 = m u m 32 - m 31 mi2 - (m 2 im 42 - m 4 im 22 ). (4.46) 

Moreover there exists an element a G Sp^(z) and a point r G S2 such that 



GOT 




(4.47) 



Under the conditions of the reduction theorem, the two-dimensional theta 
function is reduced with the help of the addition theorem for theta functions 
of iV-th order (see e.g. |16|) to the finite sum of products of Jacobian theta 
functions with the moduli Nth and iVr 22 . 

Below we apply the Weierstrass reduction theory to describe all elliptic 
genus two potentials. 



Lemma 1 The function 



X 



2d 2 x \n6 — + a,f3\ — 



2u 



N 



T 



(4.48) 



with arbitrary (a, (3) G J(C 2 ), Imu'/u = Imr > is an N-th order elliptic 
function with primitive periods 2u, 2u/ and can be represented in the form 



/W=2EP( 



+ 6 p( x — x k), n + 3m = iV 



(4.49) 



k=l 



with Xj belonging to the locus Cn or its closure. 
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Proof It follows from the transformational properties of theta functions 
that the function ( [4.48 ) is a doubly periodical function on the torus C\ with 



the primitive periods 2uj, 2u' and r = oj'/uj. Let us calculate the number of 
poles of the (|4.48|) . To do this we consider the function 




9(x) = — * tt: * v — u -, (4.50) 



\ 2w 



where $3 is a Jacobi theta function. The function f(x) is meromorphic on 
the torus C\ as follows from the transformational properties of the theta 
function. Further, the denominator ( 4.50Q has exactly A" zeros in C\. 



N 



x = — — — uj' + ijj — 2au, k = 0,1, . . . , N — 1. 



Therefore, according to the Abel theorem, the numerator has exactly A" zeros, 
these are, x\, . . . ,xn- To prove that the function ( |4.48p can be written in 



the form (|4.49|) we note that the function ( |4.48| ) is a two-gap potential and 



therefore the corresponding wave function can have a pole of no more than 
second order. Using the Schrodinger equation we find the coefficients 2 and 
6 in the decomposition G4.49Q . The proof that the points x\, . . . ,xn belong 
to the locus Cn is carried out by substituting of the ansatz ( [4.49| ) into the 
KdV equation and equating the principal parts of poles to zero. 

Theorem 3 (Main theorem) The two-gap potential as defined by formula 
(U-4W is an elliptic function of the N-th order if and only if 

1) C2 covers a torus C\ N-sheetedly, 

2) U X U 2 = 0. 

Proof. Sufficiency. Suppose the conditions of the theorem are fulfilled 
and for definiteness U\ = 0. Then the function ([4.42 ) is an elliptic function 
of order A^ according to the Lemma. 

Necessity. Let the evolution of an integrable dynamic system with two 
degree of freedom be described in terms of elliptic functions. Alternatively 
this evolution is expressed in terms of theta functions defined on the Jacobian 
J(C 2 ). If w,w',Imw/w' > 0, are the primitive periods of elliptic function, 
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then the following identities are valid due to the transformation property of 
the theta function ( |4.41| ). 



ZUxUJ = r(n+p / r 11 +gV 12 ), 2ujiU0 = r(m+p'T 12 +q'r 22 ) 
2U 2 co' = s(n f +pT U +qT 12 ), 2U 2 uj' = s(m'+pTi 2 +qr 22 ) 



(4.51) 



where n,m,n',m',p,q,p',q' G Z. Eliminating UiUj', UiU,i = 1,2 from ( |4.51| ) 
we find that r belongs to the Humbert surface if a, with 



a 
7 



m'p' — mp, 5 = pq' 



p'q, 



nq — n'q', e 



nm' — mn'. 



np 



m'q' 



mp 



n'p', 



(4.52) 



Calculating the invariant A, defined in ( [4.45| ), we find that A = N 2 , N = 
np + mq — m'q' — n'p'. Therefore the assumption of the theorem leads to the 
conclusion that C 2 covers a torus iV-sheetedly. But in this case we can define 
a matrix M which maps the homology basis on C 2 to the homology basis on 
C\. Taking into the account ( [4.46 ) we find 



M-- 



( p -p' \ 

q -q' 

—n' n 

\ —m! m j 



mp+mq—m'q'—n'p' 



N 



(4.53) 



According to the reduction theorem there exists a transformation p which 
maps the matrix r to the form (|4.47|) . Therefore we have in the new homology 
basis 



P 



N. 



q 



o, 
o. 



p = 0, q 
From ( |4.51| , [4.53"P we conclude, that 

211^ = r, Uiu' 



n 



n 



m 



m 



0. 



-1. 



sNt- 



li) 



u, = 



(4.54) 



(4.55) 



and the theorem is proved. 

It follows from the conditions of the theorem that elliptic potentials are 
singled out from finite-gap potentials by some subvariety in the Humbert 
variety. We shall call this variety E^- variety, e 
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Let us derive the two-gap Lame and Treibich-Verdier potentials from the 
reduction technique of finite gap potentials to elliptic potential developed 
above. 



Proposition 1 (Proposition on the Treibich-Verdier potentials) The only 
two-gap primitive Lame and Treibich-Verdier potentials are the three first 
elliptic two-gap elliptic potentials from Table 1. 

Proof Let us consider the elliptic potential 

u(x) = -2dl\n6[5] (£,01 ( f » f ~, )),U 2 = 0, (4.56) 



with [5] running through all the six odd characteristics. Let consider the 
function 

' x 



S(x) 



J_u/ l_ 

N u> N„ 
1 1 u 1 



2uj 1 V 4 4 



N N u> / / 

At x = this is a theta constant with the characteristic [5]. One can calculate 
using ( fL4U| ) that at x = uj the characteristics becomes [5] + [°q], at x = uj' 



the charteristic [5] turns into the characteristic [5] + [qi] and at x = uj + 
a/ it is [5] + [xi]- Let us denote by (n ,ni,n 2 ,n 3 ) the coefficients in the 
decomposition = n p(x) + nip(x + uj) + n 2 p(x + uj + uj') + n 3 p(uj f ) with 
J2l=o n k — N and n, = 2 or 6. Let the characteristic [5] runs through all the 
odd characteristics. Then for odd N we have 



x 



x = uj x = uj' x = uj' + uj' (n ,ni,n 2 ,ns) 
Q O ill] Bl] K,0,n 2 ,n 3 ) 
[1?] 

BS] 

oi roil |.io| [in 

Gil 

sa 



BS] B51 P (n , 0,0,0) 

O [??] P (n , 0,0,0) 

Gil □ Eg] (no,ni,0,n 3 ) 

Bl] G81 Q (n ,m,n 2 ,0) 

[in a a k, o,o,o) 



We see that the only possibilities are u(x) = 6p(x) or 2p(x + uji) + 2p(x + 
uj 2 ) + 2p{x + uj 3 ) and = 6m(x) + 2p(x + uj{) + 2p[x + uj k ). 
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For even N we have 



x = x = us x = uj' x = uj' + uj' (no, rii, n 2 , n 3 ) 





□ 




B?] 


(no,0,n 2 , 0) 




a 


Q 


B31 


(n ,0,n 2 , 0) 




b&i 




Bi] 


(no,0,0,n 3 ) 


po 


Bi] 


Bo] 


E5] 


(no,ni,0,0) 


Ei] 


Gil 


[?o] 


Go] 


(no,ni,0,0) 


Bi] 


[n] 


Bo] 


[io] 


(no,0,0,n 3 ) 



We see that the only possibilities in this case are u(x) = 6p(x) + 2p(x + uii). 
The proposition is proved. 



4.1 Elliptic Subvarieties of Humbert Surfaces 

The components of the Humbert surface are described in terms of the van- 
ishing of some modular forms |L7|, more generally, the Humbert surface if a 



is described by some ideal in the ring of modular forms [28]. Therefore it is 
natural to describe elliptic subsurfaces of if a, A = N 2 in terms of the 
vanishing of some theta constants. 

Proposition 2 (Proposition on the elliptic points) Let the nonsingular curve 
associated with the two-gap potential cover a torus N-sheetedly. Let us fix 
such a homology basis that the matrix t has the form (\4-4V an d belongs to 
the component H/\. Then elliptic points in if a are separated by the condition 



W(0|l \ 2 11=0, (4.57) 
where [5] runs through all the six odd characteristics and i = 1 or 2 



Proof It follows immediately from the Rosenhain formulae for the nor- 
malising constants of the holomorphic differentials^ and the expression Q4.44j ) 
for the winding vectors. Assume that the curve C% has the form w 2 = 

1 These formulae are a consequence of the important Rosenhain derivative formulae 
given in Appendix B 
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z(z — l)(z — Xi)(z — \2){z — A3), then the normalizing constants of the holo- 
morphic differentials Vi = (caz + c-^dz/w, i — 1, 2 have the form |18| 



' 2^9[5 il \9[5 i2 \9[8 a \ 



(4.58) 



where [si] is an odd theta constant and [8i\,i = 1,2,3 are such even theta 
constants that [ej = [5a] + [S i2 ] + [5 i3 \. 

Let us give a few examples for the condition ( [4.571) . The simplest ones 
are at N = 2 p ,p = 1, . . . because to simplify we can apply the the addition 
theorem for the theta functions of the second order (see e.g. f2~0fl ) 



9[e}^\r)9[5}(y\r) 



(4.59) 



e" + 5" 



(x + y|2r)fl 



e" - 5" 



y|2r) 



where the summation runs over p = (0, 0), (0, 1), (1, 0), (1, 1). The particular 
cases of ( |4.59| ) which are necessary for the calculations are given in Appendix 
B. We also use below the formula 



9 



n 11 

t 1 t 2 




e 2 



£1 + £n £n + £-| 




(4.60) 



For example, the condition ( 4.57|) for A^ = 2 is faxfaifa\ = 0, where fa 



■(9j(0|2r), fa = fa(0\2r). This condition is not satisfied for nonsingular tori. 
Therefore elliptic potentials of the form 2p(x — xi) + 2p(x — x 2 ) do not exist. 
Example: N=4 For N = 4 the condition ( [4.57] ) written for the charac- 



teristic 



Si] 



reads 



fa 



+ 



+ #Pl - fa¥l = 0. 



(4.61) 



To obtain Q4.61Q we used (|4.59 ) twice. 

The condition (|4.61|) rewritten in terms of the Jacobi moduli k = 
k = $2/^35 where fa = fa(0\4r), fa = fa(0\4f), coincides with those given in 
Table 5. 
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Let us derive the potential 114 by direct computation. We have according 
to Theorems 1 and 2 



9(» 



d 2 x \ne(x) + C, 



(4.62) 



Let us consider the definite case [5] 



Applying ( |4.59| ) twice we have 



Q(x) 



a (z)e a ( Z ) - e a ^ ^ ( Z ) 



a bs 



X 



(z)0 



+ 4 



X 



* [0?] ED (*) + * fill (z)e q ( Z ; 



ill] o a 



(z)-e 



(4.63) 



where we denote 9[e) = 9[e](0\2r), 9(z) = 0[e](z|4r) and z = (x/2w,0). 
Using ( 4.60|) , we rewrite (|4.63| ) in the form 



0(x) 



4z- 



+ 



(4.64) 



By the condition (|4.61|) and addition formulae for Jacobi theta functions 
[[|, one can prove that B(x) is proportional to i?f(^-)i?2(^") an d therefore 
the potential M4 has the form given in Table 1. 

Further examples. Let us consider the function 



x 



111 X I 



di\n9[8\ — ,0| 



1/2P 



v 2w'"' V V 2P r 
p > 2 and the moduli r and f are connected by the condition 



9l[6] ( 0| ( I 



f 



0. 



(4.65) 



(4.66) 
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One can show (see the formulae for theta constants of the 2 p -sheeted 
cover) that the (|4.66|) is valid and E 2 p is not empty for p = 2, 3, .. In particular 
denoting X = ztf 2 (0; 2 p r)/$ 3 (0; 2 p t), Y = $ 2 (0; 2 p f)/tf 3 (0; 2 p f) we plot below 
two varieties E 2 p for p = 2 and p = 3 respecively, in the coordinates X, Y. 

The curve given on the plot f] corresponds to a family of elliptic potentials. 
We emphasise that the potential u 8 is a new elliptic potential connected with 
an eight-sheeted cover of the torus. It differs from the m§ Treibich-Verdier 
potential which is not primitive and can be obtain from the Treibich-Verdier 
potential by the Gauss transform ( 3.14Q of the moduli of one of the tori. 



We can summarise all the discussion by the following statement: 

Conjecture 1 There exist infinitely many primitive elliptic potentials un{x) 
of genus two at N e N. Therefore the two gap locus of Calogero-Moser system 
has infinitely many components. 

The hypothesis is valid at least for N = 4,5, 8, as shown in this paper. 
To prove it it is sufficient to find solutions for ( |4.57| ) for a countable number 
of N. 
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A Two-gap Lame and Treibich-Verdier Po- 
tentials 



We give in this Appendix the complete description of two primitive Treibich- 
Verdier potential which includes the explicit formulae for the covers, link 
between moduli of the tori, wave functions and Lame polynomials. We also 
give for the complicity the analogous description of the two-gap Lame poten- 
tial, which is known. We note that some of this results concerning Treibich- 



Verdier potentials were first given in plf and Hit) 



Table 2: The spectral curves 



U N 


The spectral curve C 2 = (w, z) 


The coordinate A 
in terms of w, z 


u 3 


w 2 = -(z 2 -3g 2 )Ul 1 (z~3e l ) 


\ _ 2w 

~ 3z 2 -3g 2 


A 3 - 3Ap + p' = 




w 2 = {z + 6e 4 ) nLi(* - Zk(i)),i = 1, 2, 3 
-2i,2(?) = e j + 2ej ± y/ (d - e j )(2e j + 7ej) 
^3,4(«) = e k + 2d ± yj (a - e k ){2e k + la) 


\ 3ui 

~~ 2(6ej+«)(15e 3 -2z) 


A 4 - 3(2p - e,)A 2 + 4Ap' - 3(p - ej)(p - e k ) = 0, 


U 5 


w 2 = TY=\(z-z l U)), j = 1,2,3 
z 4 (j) = 6e fc - 3e i; z 5 (j) = 6e; - 3e fc 

nti(*-*0*)) 

= z 3 - 3^ 2 ej + (51e| - 20^ 2 )^ - 369e 3 + I32 ej g 2 


\ _ — 4lD 

~~ 52 2 +62e,+261e?-108g2 


A 5 - 2(e, + 5p)A 3 + 10pA 2 + 3(e< + 5p)( ei - p)A 
- 2p'( ei - p) = 



B Theta Functional Formulae 
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Table 3: The first cover 



U N 


The 


cover 7r 






The reduction of 
the holomorphic 
differential 


U 3 


p(u) 


Z 3 
9(2- 


-27. 9 3 
! -3 92 ) 




dp 3z dz 

p' 2 «; 


U4 


p(u) 


= e 3 + 


(z-3ei+9e k ) 2 (z 


-2l(i))(2-2 2 (l)) 




4(z+6e;)(- 


-2z+15 ei ) 2 




p(u) 


= e k + 


(z-3ei+9e 3 ) 2 (z 


-z 3 (i))(z-z 4 (i)) 






4(z+6e,)(- 


-2z+15ei) 2 




u 5 


p(u) 


= e j + 


(2- 2l (i))( 2 - 22 (i))(2- 23 (i))(^+15 ej -) 2 


f = (5* + 


(5z 2 +6zej +261e 2 - 108g 2 ) 2 



Table 4: The second cover 



U N 


The cover ir 


U3 


p(u) = -^(4z 3 -9g 2 z + 9g 3 ) 


U4 


(X(».\ r — 9(z-z 2 ){z-z :i )(z+Ae i -e k ) 2 
pyu) t-j - 4(z+6e;) 


U 5 


6(u) - m ' (z) 

4(z-3e l -9e j )(z+6e l +9e j ) 

p 5 ( z ) = z 5 + 3e 4 z 4 - A2e 2 z 3 + 150eje k z 3 + 30e 2 e k z 2 
+9(69e 4 + 625ef4 - 221e ig3 /2)z 
-27ei(llef - Sle i9k /2 + 475e 2 e 2 ) 



Table 5: The link between moduli of the tori C\ and C\ 



U3 


~ _ 3 7 (gl+9g 2 ) ~ _ 3 11 (fls9|-3ff|) 
92 — 2 6 ' 93 — 2 9 

1 1 (fc 2 -2)(2fc 2 -l)(fc 2 +l) 
k 2^~ 4(fc 4 -fc 2 +l) 3 / 2 


U4 


92 = 3 7 f + 3 6 f «? 2 2 e 2 + 3 4 £ 2 + 14 • 3 7 £ 2 , 

£3 = ^e l9 \ + ^e l9 2 g 2 + ^gfae 2 + ^gl + ^gl 

k = k'(l - 4k 2 ) or equivalently k! = k(l - 4(k') 2 ) 


u 5 


fi? 2 = 2 2 -3 7 -5-23ef 3 7 • 11 • \le\g 2 s6 / e^ 2 2 + J 5 5 ^ 2 3 
£3 = - Je, (5 7 #! + 2 8 • 3 5 • 191ef + 2 5 • 3 3 • 13 • 457e 4 # 2 2 
-2 s • 3 3 • 23 • 79e^ 2 - 2 4 • 3 2 • 5 4 • lle 2 # 3 ) 
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Table 6: The wave function and Lame polynomials 





The wave function ^(x, u) and Lame polynomials A(x) 


U3 


= £(exp(\x)<Z>(x;u)) 

A U — \f\P\ X ) e i){P{ X ) Gj),{Z—oek) t^]^K—L,Z,6 

A ± = fp(x)±±y/f, (Z=±VW2) 


M 4 


u) - £(exp(\x)<S>(x; u)) + ^SM±^^ X + ^; u)exp(Xx) 

Af k ,ke {1,2,3} -{i} 


A = p(aj) - 6i 


W 5 


ty(x, u) = -^;(exp(\x)Q(x; u)) + [a iy j<&(x + uJi, u) + a^^x + Uj, u)]exp(\x) 

_ -9\p(u)+\z+6\ei+3p'(u) 
l ' J 6A \J p(«)-e l +6^/ p(«)-ej -y/ p(u)-e k 


A t = j{p{x) - e t )(p(x) - e k ) + (e t - e^gf^ (z = 6e t - 3e,-) 
A, = ^/(p(x) - ej)(p(x) - e k ) + (e, - e^gf^ (z = 6e, - 3e t ) 


A. = M x ) - e;)(p(*) - e,) + a^gfjEgj + a^ggzsg, 

^ A • _/ ' _/ 1 ~ 15e?+27e 2 j -6e i e j -zl+2z n (e j -e i ) 
{Z — Zk),l T 3 T K , a ij — 24( ej -ei) 



24 



B.l Relations Between Theta Constants for g = 2 



Here we give three groups of formulae which are consequence of the Riemann 
theta formula for theta constants when g = 2. These are the relations be- 
tween the fourth powers of even theta constants, the relations between the 
squares of even theta constants and the Rosenhain derivative formulae. 
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We denote D([e], [5]) = 9 1 [e]9 2 [5] - 9 2 [e]9 1 [5]. Then the following Rosen- 
hain formulae are valid 
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D 
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D 
D 
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1 i 
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D 



( 


1 




1 




1 




1 



n 2 e 















B.2 Addition Theorem for Second— Order 
Theta Functions at g = 2 



Here we give the expanded forms of (|4.59 ). We introduce the notation 
§[e](z) = 0[e](z\2r). 
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B.3 Theta Constants of 2 P -Sheeted Coverings over a 
Torus 

In this subsection we denote the Jacobi theta constants by dj = (0|2 p Tn), 



■ j -^(0|2*Y 22 ), j 
p=l Let t = 
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\ T 22 
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p=2 Let r 



Til 4 

A = -X 2 + F 2 + Z 2 , B = X 2 -Y 2 + Z 2 , C = X 2 + Y 2 -Z 2 , D 
Then the following formulae hold: 



and denote X = tf 3 tf 3 , Y = tf 2 tf 4 , Z = i? 4 #2, 

A + B + C. 




6 

e 2 
e 2 
e 2 



X + Y + Z, 9 

x -y + z, e 



X + Y-Z, 
X-Y-Z, 



2 3/2 (xy) l/2 (jD l/2 + 2 l/2 z)) 2 
2 3/2 (xz) l/2 (jD l/2 + 2 l/2 r)) 2 
2 3/2 (yz) l/2 (jD l/2 + 2 l/2 x) ^2 
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11 



:2 3/2 (xr) l/2 (jD l/2_ 2 l/2 z)) 
:2 3/2 (xz) l/2 (jD l/2_ 2 l/2 F)) 
2 3/2 (yz) l/2 (jD l/2_ 2 l/2 x ^ 
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01 
2 

Oi 

62 

Qi 
O2 
Qi 
62 



= -n(2XY) 1 ^lB 1 / 2 + 2 1 /H\Z){D 1 / 2 + 2 1 / 2 Zy 1 ' 2 , 
= -iv{2XY) l l\d\B l l 2 + 2 l ^lZ)(D 1 ' 2 + 2 l l 2 Z)- 1 ' 2 , 
= -m{2XZ) l l\d\C x l 2 + 2 l ^ 2 Y)(D 1 / 2 + 2 l ' 2 Y)- 1 / 2 , 

= -7T(2XZ) 1 / 4 (^ C l/2 + 2 l/2^2 y)(jD l/2 + 2 l/2y)-l/2 ) 

= -27t(2ZF) 1 / 4 (^C 1 / 2 + 2 l l 2 d\X){D l l 2 + 2 1 / 2 X)- 1 / 2 , 
= -i,(2ZY) l l\$lC l l 2 + 2 1 / 2 ^ 2 X)(D 1 / 2 + 2 1 / 2 X)- 1 / 2 , 

= -7T(2ZF) 1 / 4 (^ jB l/2 + 2 1 /2^2 x)(jD l/2 + 2 l/2 X) -l/ 2) 

= -n(2ZY) l ^(^B 1 / 2 + 2 1 / 2 ^ 2 X)( J D 1 / 2 + 2 1 / 2 X)- 1 / 2 , 
= -tn(2XY) l ^(^ 2 A^ 2 - 2 1 / 2 ttf 2 Z)(D 1 / 2 + 2 1 / 2 Z)- 1 / 2 , 
= -m{2XY) l l\§ 2 2 A l l 2 - 2 1 / 2 i# 2 3 Z)(D 1 / 2 + 2 1 ' 2 Z)- 1 / 2 , 
= n(2XZ) 1 / A (4A 1 / 2 - 2 x l 2 id\Y){D l l 2 + 2 1 / 2 F)' 1 / 2 , 
= -m(2XZ) 1 / 4 (^ 2 A 1 / 2 - 2 1 / 2 ^ 2 F)( J D 1 / 2 + 2 l ' 2 Y)-^ 2 . 
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